The dispersal of an initial concentration of identical Brownian particles is accurately described by the solution of the conventional diffusion equation, and a diffusion coefficient can be assigned to the assembly of particles. However, the dispersal of an initial concentration of motile bacteria is not well described by the same solution, in spite of the similarity between the random motion of a bacterium and a Brownian particle.
INTRODUCTION
When viewed microscopically, the individual organisms in a culture of a motile bacterium, such as Escherichia coli, exhibit a random motion -individual organisms spontaneously change direction in a manner which, supehcially, resembles a Brownian particle. Adler & Dahl(1967) investigated the dispersal of E. cob organisms and compared their results with the diffusion of glucose. They measured the rate at which a small, defined concentration of the bacterial population or glucose moved along a capillary tube, and found that, for both, the movement of this 'front' obeyed the relationship x2 = kt, where x is the distance moved in time t and k is a constant. However, measurement of the concentrations of bacteria and glucose throughout the capillary tube, at a chosen time, showed that it was not possible to describe the concentration of bacteria by the equation which was valid for the diffusion of glucose.
Adler and Dahl used the solution to the diffusion equation given by Ljunggren & Lamm and a plot of ln(c/c,,) against x2 gives a straight line with a slope of -1/4Dt. Adler & Dahl's (1967) data for the diffusion of glucose gave straight lines when plotted in this way. However, for bacteria the corresponding plot gave points which did not fall 26 P. C. THONEMANN A N D C. J. EVANS on a straight line (Fig. 2) . It may be concluded that eqn (I) is not satisfactory for the description of bacterial diffusion.
Adler and Dahl discussed a number of possible reasons for this discrepancy. Amongst these was the suggestion that 'bacteria are heterogeneous with regard to their motility, i.e. some swim faster than others'; this suggestion was not developed further. However, even if the bacteria swim at different speeds, it is not immediately obvious that this would make the diffusion equation invalid, since at any given instant no two Brownian particles are moving at the same speed. The consequences which follow from 'heterogeneous' motility are examined in this paper. We show that a motility (diffusion) coefficient can only be associated with those bacteria which swim at the same speed. The dispersal ofa heterogeneous population can then be found by summing over the the motilities of the different speed groups. When a suitable distribution of speeds is assumed, the theoretical curves for the concentration of bacteria along a tube are found to be qualitatively similar to those measured by Adler and Dahl.
A COMPARISON OF THE MOTION OF BACTERIA A N D B R O W N I A N PARTICLES
We consider certain properties of the motion of some self-propelled organisms and discuss whether they invalidate the assumptions underlying the derivation of eqn (I) .
Energy
A molecule, or a much larger Brownian particle, is in thermal equilibrium with the medium in which it is immersed, whereas self-propelled bacteria have a much greater average speed of motion than that caused by spontaneous fluctuation within the medium and are not in thermal equilibrium with the medium. In other words, live motile bacteria move faster than dead ones. This feature does not invalidate eqn (I) provided a diffusion coefficient appropriate to a known speed distribution is employed.
Free path
Berg & Brown (1972) measured the number of E. coli which changed direction in a distance 8r after having travelled in a straight line of length r from the position of their last change in direction. They found this number decreased exponentially with r and there was no significant correlation between the length of consecutive straight-line paths. However, unlike the changes in the direction of motion of a gas molecule or a Brownian particle because of collisions, the changes in the direction of motion of bacteria are spontaneous, provided the concentration of bacteria is low enough for collisions between bacteria to be ignored. The form of eqn (I) is not altered solely because changes in the direction are spontaneous rather than the result of collisions.
To estimate the upper limit to the concentration for which encounters between bacteria can be neglected, we can assume that an encounter occurs when one bacterium approaches another to within a distance equal to its own dimension. Taking this distance to be 3 pm and using the same initial density of bacteria as Adler and Dahl (ro6 to Ios/mms), this gives a mean free path between encounters of 30 to 300 pm. This distance is between 2 and 20 times the mean free path required to account for the number of spontaneous changes of direction observed by Berg & Brown (1972) for E. coli. Hence encounters between bacteria could have an influence on the rate of dispersal at times close to t = 0, when concentrations are high, but such encounters would become relatively rare as dispersal took place.
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It follows that the failure of the usual diffusion equation when the concentration of bacteria is well below the initial value employed by Adler & Dahl(1967) cannot be explained by collisions between bacteria.
Speed distribution
It is necessary to distinguish between the time average speed of a single particle (i.e. the average speed of a single particle taken over a considerable period of time) and the average speed characteristic of an assembly of identical particles at a particular time. For the particles of a uniform gas and for an assembly of identical Brownian particles, the average speed of all the particles at a given time is equal to the time average speed of an individual particle. Given a sufficient lapse of time, each particle 'experiences' all the possible speeds present in the assembly at any instant. This is not so for a bacterium. Observation suggests that a bacterium swims so that its speed remains within a narrow range which does not change appreciably after changes in direction. Thus, eqn (I) can be used to describe the dispersal of an assembly of bacteria having speeds which lie within a narrow range but it cannot be used to describe the dispersal of an assembly which possesses a wide range of speeds. Each group of bacteria moving within a narrow speed range possesses a diffusion coefficient which differs from that of another group in a neighbouring speed range. It is this feature of bacterial motion which we propose as an explanation for the failure of eqn (I) to account for the results of Adler and Dahl. An initial concentration of bacteria will disperse in such a way that bacteria which move at a constant sped greater than the average speed of the assembly will travel further from the starting point than those whose constant speed is less than the assembly average speed. Consequently, the average speed of the bacteria in an element of volume at a given time is an increasing function of the distance of this element of volume from the starting point. Therefore, a diffusion coefficient for an assembly cannot be independent of position and time.
If, after some time has elapsed, the motion of a group of bacteria at a 'front' is followed, then it would be expected that the motion of this front would be described approximately by a diffusion equation, because only bacteria with the highest speeds of motion will be found in this front. This automatic selection of bacteria which swim with speeds in a restricted speed range could account for the observation of Adler and Dahl that eqn (I) is applicable to the motion of a sample at a front.
Initial conditions
An assumption underlying the derivation of eqn (I) is that there is no correlation between the motion of one particle and any other particle, i.e. each particle proceeds as though no other particles were present.
If it is assumed that all particles are confined to the plane x = o until time t = o and are then released, their initial motion is correlated in the sense that all particles could be assumed to have made a change of direction at time t = 0. If the probability of changing direction in a distance dr is independent of the particle's previous history then the release from a plane at time t = o does not invalidate the diffusion equation or its Gaussian solution. In the absence of experimental evidence to the contrary it w i l l be assumed that no error is incurred as a result of this simultaneous release at time t = 0.
A more serious limitation of the validity of the equation is the necessity to restrict the magnitude of the concentration gradient. The number of particles crossing unit area per second is usually written as where D is a diffusion coefficient, vc the concentration gradient and Y the average flow velocity. However, the above equation is only valid provided the higher space derivatives of c are neglected (Fowler, 1936) . In particular, if A is the mean free path and Ac the difference in concentration between two planes separated by a distance h ZC Ac = h ax +higher order derivatives.
For the higher order derivatives to be neglected it is necessary that
This condition is clearly violated at times close to zero, since ac/ax+ 00 as t+ 0. Another objection to the usual Gaussian solution for describing bacterial dispersal is that it implies that bacteria can reach arbitrarily large distances within a short time of being released. Morse & Feshbach (1953) have given an alternative diffusion equation, which is intended to avoid this objection, but the solution they give does not preserve the total number of particles. On inspection, it can be seen that the error arises from neglecting the particles which, at time t, have not yet made a collision. The missing term can be supplied, but does not remove the difficulty associated with large density gradients.
To clarify the conditions at times close to t = 0, a numerical calculation of the concentration was carried out using a computer. A Monte-Carlo calculation was made to simulate the
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motion of 104 particles from time zero to IOT, where 7 is the time interval between changes in direction. All particles were assumed to have the same speed, which was constant.
~
Each particle was started at x = 0, with its x component of velocity determined by a random number to give a uniform distribution over the interval -v to v for all the particles.
The time before change of direction was determined by another number distributed exponentially, with a mean time T. After each change of direction two more random numbers were chosen, giving the new x-component of velocity and the new free time. This process was repeated until the time was IOT. The position of each particle was calculated at nT (n = I, 2, ..., IO) , and the numbers, found in the intervals of length nAl40, were stored.
From this store the histogram of relative concentration as a function of x was constructed (Fig. I) . The standard Gaussian solution (corresponding to eqn I) and that of Morse and Feshback (modified as explained above) are included in Fig. I , for comparison. Neither of the analytical solutions is satisfactory for ?/T < 2, but eqn (I) is a valid approximation when t/.r > 10. Experimentally, it would be diffcult to measure the concentration at t /~ < 10 since E. coli would only have dispersed an average distance of about 10 ,urn from the plane x = 0. In practice, it is impossible to release all particles from a plane x = o at time t = 0, but the dimensions of an initial volume can be made small enough, compared with the distance that some particles have diffused at a later time, for no significant error to be incurred.
These remarks are relevant to the diffusion of Brownian particles as well as to the dispersal of bacteria.
Inhomogeneous population
If the bacteria are not all identical, then it is necessary to consider first a small group of bacteria for which the diffusion coefficient varies over a small interval from D to D+dD. It is more usual to call this coefficient the motility, A4 (to distinguish it from the diffusion coefficient of Brownian particles). Let such a group contain dN bacteria distributed per unit area of the plane x = o at t = 0. Then the concentration due to this group at times greater than about 107 may be written:
The concentration due to the whole population is found by integrating eqn (2) over all the groups dN, and is conveniently written as:
The motility distribution function d N / M is characteristic of the whole population, not just of those bacteria located at x at time f. Since there is no known physical basis for calculating M / d M t$s quantity must be determined experimentally.
To illustrate the particle density distributions which result when eqn'(3) is applicable, we shall make the simplifying assumption that the mean time, r, between changes of direction is independent of the swimming speed v. For one-dimensional dispersal the motility coefficient is M = v27/3. and t = 0. Equation (4) is the proposed solution for c(x, t). To evaluate it,f(v) and T must be found by experiment. To illustrate the difference between the concentration distribution c(x,t) when M is a constant and when M is a function of v, three different speed distribution functions will be assumed.
(i) Maxweffian distribution of speeds. The speed distribution function is k3 4 f(v) = 4N(--) v2 e-kv', where k is a constant. Carrying out the integration of eqn (4) for this f(v) leads to 3kx2 4 c(x,t) = ex nrt Kl (7) ,
where Kl is a modified Bessel function of the third kind (see, for example, Abramowitz & Stegun, 1965) . Equation (6) is plotted and compared with Adler and Dahl's results in Fig. 2. A value of 12.3 h/cm2 has been taken for 3 k /~, to obtain a best fit. The agreement with the available experimental data is better than the straight line given by eqn (I) .
(ii) Uniform distribution ofspeeds. In this casef(v) is taken to be constant in the range of 1' = o to v = 2 V, V being the average speed.
Integration of eqn (4) now yields where
Dispersal of bacteria
31
which is tabulated by Abramowitz & Stegun (1965) . The best fit to the experimental results is found when 3/16V% = 0.9 h/cm2. Equation (7) is not plotted in Fig. 2 but showed slightly better agreement with the experimental points than eqn (6).
(iii) Exponential distribution of speeds. We take f(v) = Nk e-' " dv, where k is a constant. Equation (4) now yields :
c(x,t) = N ( $ ) ' I : e-llu* e-au-du u where a = (3x2k2/4rt)', u = kv/a, and F(a) is the function defined by the integral.
F(a) has been evaluated numerically and a best fit is obtained when 3k2/4r = 31 h/cm2. This result is plotted in Fig. 2 (solid curve) and gives somewhat better agreement with the experimental points than the other two distributions.
CONCLUSIONS
It is concluded that the simple Gaussian solution to the diffusion equation, valid for the diffusion of identical Brownian particles, cannot be employed to describe the dispersal of motile bacteria because the motion of each bacterium has statistical properties which differ from those of all the other bacteria. As a result, no diffusion coefficient characteristic of an assembly can be defined. However, a dispersal equation can be found which describes the evolution of the particle density with position and time if the motility distribution is known. The resulting dispersal is found to depend on the form of the speed distribution function, as three examples show. It will not be possible to provide a better test of this theory until experimental results are available which give both the speed distribution and more precise data on dispersal for a specific culture of organisms.
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